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c from (1) in (3) gives 

2b' ! x(l+eosA)+2l[my-mx-D(l+QOsA')~\+2Dm-m 2 y=0. 

The condition for equal roots of b is 

2ic(l+cos J 4)(2Dm— m 2 y)=\my— mx— D(l+cosJL)] s 

or [Z>(l + cosA)— m(# + y)] 2 =2»» 2 a;#(l— cosA)=4m s ;n/sin 2 £.A. 

.-. D(l+cosA)— m(x-\-y) ±2m,}/ (xy)$,m^A=Q. 

.-. x*+2xy<nsA+y*-2^^-j[x+y±2(xy)smbA-\=0. 

.-. x 2 +2xy+y* -4xysm^A-2^rj[x+y±2 ] /(xy)siniA']=0. 
.-. lx±2^/(xy)smiA+y][xT2 l /(xy)sinlA -+y - 2eQg2 ^ ]=0- 



.-. xT2 v / (xy)siniA + y-^^j=0, 

or a; 8 + 2xyaosA-\-y 2 -\-\_m — 4m(a: + #)cos 2 £.A"|/4cos 4 £.l=0. 
This is the circle. 



CALCULUS. 

144. Proposed by 6. B. M. ZERE. A. M„ Ph. D„ Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 

Find the volume of the sphere, x % + y 2 + z 2 =2az, (a) within the paraboloid 
z=Ax 2 +By 2 ; (6) within the cone z 2 =Ax 2 +By 2 . 

Solution by the PROPOSER. 

a; 2 +# 2 +z 8 =2az....(l), z=Ax 2 +By 2 ....(2), z 2 =Ax 2 +By i ....(Z). 
From (1), z=a± \/ {a 1 -x s -y 2 }=a ± y {a 2 — r 2 }. 

From v= I I zrdrdO we get 

v^iC" f y (a* -r 2 )d$rdr=% f V'-Ca 8 -*")* ]d0. 

J o J «^ 

(a). From (1) and (2), 

x 2 +y 2 + (Ax 2 +By* ) s =2a( Ax 2 +By 2 ) . 
r s +r 4 (Acos s + Bsin 8 0) 8 =2ar s Gicos 2 0+£sin 2 0). 
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2 _ 2a(Aoos 2 e+B si n i d)-l g 

r ~~ (Aoos s d+Bsm s 0y ~ ' 

_ 4o^ r& r / J.cos 8 (7+ffsin 8 fl-l \ 3 ' 



/*** fj Mcos 8 (7+ffsin 8 fl-l \ 3 ~| 
J o L \ Acos 8 + .Bsin 8 / S 

r*- r 3 3 i -i 

Jo Llcos 8 0+.Bsin 8 (Acos^+Bsin^) 2 (J.cos 8 0+Bsin 2 0) 8 _| 

2^q3 r AfB A 8 + B 8 "| 7rq^ 

— TAJsL ~2ZB + 8A 8 B 8 J + 6 i /{A i B»y 

/ia w ,is a /qn z> 2a,/{Acos 8 0+Bsin 8 0} 2aC 

(&). From (1) and (3),B= — ^— ^ ^- , ' . t- j = ^t- 

v ' v ' v 7 ' l-i-J.cos 8 0+Bsm 8 D 

••• t,= ^J LM-zr) J* — s-J. hr- -w+^-r 

2m 3 ft A \ 2 , / B V~] , ■ina 3 



+ 1)}L\ A+l) + \ B+l) J 



~i/{a + l)(B + l)}LV A+l/ ^V B+l/ J ^8»/{(A+l}»{B+l}«- 

145. Proposed by G. B. M. ZEEE, A. M., Ph. D.. Professor of Chemistry and Physios, The Temple College, 
Philadelphia, Pa. 

Find the surface bounding the volume required in problem 102. 

Solution by the PROPOSER. 

The surface is composed of a portion of the surface of the cone, and a por- 
tion of the surface of the paraboloid. 

The equation to the cone is x 2 +y e =c !! z i . 

The equation to the paraboloid is y 8 +2 8 =4a(a-|-a;). 

8=8 C +8 P . 



8 C =— C 1 P 1 i/{l+c 2 }dxdy, {see 102 for limits} 

= — C 1 v / {4ae t (,a+x)-x i }dx. 

Let a;=2ac s -2acj/{l+c 8 }cos^. 

.-. tf^Sa^l + c 8 ) r' r sin 8 ^«=4^a 2 c(l-|-c 8 ). 
J o 

*=*P r J^^**= 4 fi/ { a(2a+.)}sin- J , 4 ?.'*'*? ~*> 
p J X2 J o \4a(a+z)-# a * J 4 \4a(l+c 8 )(a+aj) 



